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Abstract. A nonlinear reaction-diffusion model of pattern generation 
and morphogenesis during embryonic development has been presented in 
this paper. The importance of negative cross-diffusion in pattern 
formation has been shown. A bifurcation analysis of the nonlinear 
diffusive system has been performed and it is concluded that the 
bifurcation is supercritical showing thereby that the pattern evolved 
by the system is stable. 
INTRODUCTION 
Differentiation, pattern generation and 
morphogenesis have been one of the most 
interesting subject for investigation at 
the mathematical level during the last 
four decades or more. Turing (1952) 
seems to have been the first to point 
out that diffusion coupled with nonlinear 
kinetics can produce organization and 
that one can observe stable solutions 
inhomogeneous in space or time. Theremo- 
dynamic analysis shows that these spatio- 
temporal organized states may evolve only 
in open system which are maintained far 
from thermodynamic equilibrium (Nicolis 
and Auchmuty, 1974). These patterns have 
been termed 'dissipative structures' by 
Glansdorff and Prigogine (1971). 
One of the most successful concepts in 
the studies of morphogenesis is the 
morphogenetic field, a kind of pre- 
pattern formed by concentration gradients 
of 'morphogene' which serve the purpose 
of 'positional information' and trigger 
cell differentiation and localization. 
Most of the studies in morphogenesis and 
pattern formation have been based on the 
models developed by Lefever and Prigogine 
(1968) and Gierer and Meinhardt (1972, 
1974) who have followed the concept of 
Turing and utilised the general princi- 
ple of lateral inhibition givinq rise to 
a morphogenetic field. Important contri- 
butions to the further analysis of these 
models have been made by Martinez (1972), 
Babloyantz and Hiernaux (19751, Nicolis 
and Auchmuty (1974), Auchmuty and 
Nicolis (1975, 19761, Granero et al. 
(1977). Haken and Olbrich (19781, Ernaux 
et al. (19781, Berding and Haken (1982), 
and others. Much work has been done on 
a model biochemical reaction called the 
Brusselator and the idea of structures 
arising out of instabilities in succes- 
sion has been developed by a number of 
authors (Auchmuty and Nicolis, 1975; Boa 
and Cohen, 1976; Mahar and Matkowsky, 
1977). 
In this paper we have presented a non- 
linear reaction diffusion model of the 
epigenetic system based on the Jacob- 
Monod operon concept (Jacob and Monod, 
1961). Taking into account the trans- 
port mechanism namely, self-diffusion 
and cross-diffusion in a three component 
system the non-uniform model is cons- 
tructed. Here self-diffusion implies 
passive transport, that is, the diffu- 
sible substance diffuses under its own 
gradient from a higher to a lower concen- 
tration. Whereas in cross-diffusion the 
substance moves under the concentration 
gradient of another substance. Self- 
diffusion coefficient is always positive 
but the coefficient of cross-diffusion or 
alternatively termed counter transport 
may be positive or negetive. A negetive 
cross-diffusion coefficient will imply an 
active counter transport, that is, the 
substance moves against the concentration 
gradient of another substance from a 
lower to a higher concentration of the 
latter. 
In a previous work (Tapaswi and Saha, 
1985) we have already shown that inclu- 
sion of a negetive cross-diffusion 
coefficient drives the stable uniform 
system into instability and gives rise to 
a regular dissipative structure. The 
result was obtained by linear stahility 
analysis and confirmed by a numerical 
analysis of the nonlinear system. In the 
present work we give an analytic treatmed 
of the nonlinear system to obtain the 
bifurcating steady-state solutions and 
show that the bifurcation is supercriti- 
cal. In other words, the system generates 
a stable pattern, that is, a regular 
dissipative structure. 
THE DIFFUSIVE EPIGENETIC MODEL 
We first consider a general reaction- 
diffusion system involving mRNA, a 
regulator enzyme and morphogen denoted 
by x, y and s respectively and including 
the self-diffusion and cross-diffusion 
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terms in the rate equations of the regu- 
lator and morphogen. The kinetic equa- 
tions in dimensionless form with zero 
flux boundary condition are then given by 
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We have already seen (Tapaswi and Saha, 
1985) that the system (1) with the zero 
flux boundary condition (2) cannot evolve 
into a regular dissipative structure if 
the cross-diffusion coefficients D23 = 
D32 = 0. 
Since the regulator enzyme molecules y 
are supposed to be protein which are 
macromolecules that cannot diffuse 
through the cell membrane a more realistic 
model of morphogenesis and pattern gene- 
ration may be constructed from the gene- 
ralised system cl) by considering D22 = 
D32 = 0. System (1) then reduces to the 
simple form 
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i-E= x - P2Y + D23 622 
br2 
g= 622 
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The characteristic equation of the linea- 
rized form of the system (3) is 
A3 + p2h2 + qh + PO =O 
where 
p2 = ul + P2 + g3 + m2D33 
p1 = PIP2 + c12u3 + LIIc13 + 
+ m2D23 + k 
and 
(5) 
2 
m D33 (ul+v2) 
(6) 
p0 
2 = U1!J2U3 + m D33(UlU2 + k) + 
C(lm2D23 + kP3 
with k = hy, h-1(l + ytJ-2. 
When the system is homogeneous, D23 = 
D33 
= 0, the Routh-Hurwitz 
criterion for stability is 
@I + @3) (P, + s3) + k > 0 (7) 
which is always satisfied since PI, P2,P3 
and k are positive and hence the homo- 
geneous system is always stable. 
The stable homogeneous system is driven 
into a non-oscillatory unstable hetero- 
geneous system giving rise to a dissi- 
pative structure in accordance with 
Turing's concept when 
pI > 0 and p, < 0, that is 
'1'2 + '2'3 + '1'3 + k < ",2 < 
- D23 + ('1 + '21D33 
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where m is the basic wave number. 
Since m2 is positive, the cross-diffusion 
coefficient D23 must have a negative 
value 
D 
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In the special case when 
po 
= 0 and pl > 0, that is 
m2 = - ~lD2~:2~1:2::D33 
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where 
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D33 
the dominant eigen value is A = 0, and 
a stationary dissipative stru ture E 
evolves. The details of the bifurcation 
analysis are given in the next section. 
CONSTRUCTION OF THE BIFURCATING 
STATIONARY SOLUTION 
The uniform steady state (xo,yo,zo) 
corresponding to the system 
(3) presents bifurcating points of new 
steady state solutions at 
yoj = $- I 
(12) 
where 
wj = - 
cr,(ll,iJ, + cL2j2.rr2D3, 
22 
+ j2x2D23) , o 
P3 + j = D33 
(13) 
j = 1,2, . . . . . . 
satisfying the inequality (11) 
When Y,, = min(yoj), (xO,yO,zc) becomes 
unstable at jy,, and the stability is 
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transferred to a non-uniform stationary 
solution characterized by a basic wave 
number m. This bifurcating stationary 
solution can be constructed in the vici- 
nity of y 
(see Nico??s 
following the standard method 
and Auchmuty 1974, Erneux 
et al. 1978). 
Let us first write the system (3) in 
terms of ul, ~2, u3 and w defined by 
% 
=x-x0 
u2 =y-Y, 
u3 = 2 - z. 
w = Yom - Y, 
Y 
Writing (3) in matrix notation we then 
obtain, neglecting third and higher order 
terms involving u2 
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Writing l+yom = a and expanding bino- 
mially the second and third term in the 
right hand side of (14) gives, 
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We are looking for a stationary solution 
bifurcating at Yom which in a suCficianr1) 
small neighbourhood of y can be expan- 
ded in terms of a conve&$nt power 
series : 
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Then using (17) - (19) In (16) and equating 
equal powers of s gives, 
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The coefficients w w . . . . are obtained 
from the solvabili&$ c&ditions 
Gi.q dr = 0, i = 1,2,... (24) 
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where q denotes the non-trivial solu- 
tion of the equation 
1 
El 
: 
Pi* 
2 
= 0 (25) 
where ? is the adjoint of G. 
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The non-trivial solution q of (25) is 
q= 
5 ,rl c2 c3 Cos mlW (27) 
Hence (24) becomes 
gi Cos mnrdr = 0 (28) 
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Evaluating (20) - 
results : 
whereA = u3 + rn2x2D33 > 0 
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The most important conclusion of the 
above result is that w is negative for 
D33 > 5n3/4m2x2 and th& the bifurcating 
branches are supercritical (yo,,, < yo). 
This means that the steady state pattern 
which is generated by the system is 
stable. 
'CONCLUSION 
In this paper we have presented a reaction- 
diffusion model of the epigenetic system 
involving synthesis of mRNA, regulator 
enzyme and morphogen together with the 
transport process responsible for the 
information transfer from cell to cell 
required for differentiation and pattern 
formation. The principle of operon 
concept and feedback inhibition coupled 
with the diffusion of some micromolecules 
through the gap junction of the cell mem- 
branes have been utilised to construct 
the reaction-diffusion equations. Two 
types of diffusion have been considered: 
One is the self-diffusion, that is, a 
passive diffusion in which the diffusive 
substance moves under its own concen- 
tration gradient; the other is cross- 
diffusion, that is, counter transport 
where the diffusive substance moves under 
the concentration gradient of another 
substance. Negative cross-diffusion 
coefficient implies active counter trans- 
port, that is, the substance diffuses 
against the concentration gradient of 
another substance. 
Active transport characterized by a nega- 
tive diffusion coefficient is one of the 
most important features of life processes. 
It resolves the contradiction between the 
preservation of spatial heterogeneity and 
metabolism - the exchange of matter and 
energy with the surrounding medium. ATP 
acts as the source of,free energy for 
active transport (Volkenshtein, 1983). 
Active membrane transport which proceeds 
against the electrochemical gradient is 
responsible for an increased concentra- 
tion of k+ions and a decreased concen- 
tration of Na+ions inside the cell. The 
diffusion of amino acids through cell 
membranes also take place by active 
transport process. 
Examples of active counter transport, 
that is, cross-diffusion with negative 
diffusion coefficient are not rare in 
biology. Investigations on squid axon 
reveals that calcium can cross the axon 
membrane by counter transport with sodiq 
and high internal sodium concentration 
would be required to increase calcium 
influx (Marchbanks,l970). Counter trans- 
port of methionine by histidine in brain 
cells has been shown by Nakamura (1963). 
Jorne (1975) has shown that negative 
cross-diffusion coefficients are possible 
in electrolytic solutions. 
The scheme as described in the present 
system is merely a postulation and like 
the morphogenetlc gradient concept the 
idea of negative cross-diffusion mecha- 
nism acting during early embronic develop 
ment as conceived here has not yet been 
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confirmed by experimental evidences. 
However, that negative cross-diffusion 
coefficient, the characteristic of 
active counter transport, plays an 
important role in generating a dissi- .- 
pative structure has been shown in this 
paper. The most important finding is 
that the stationary bifurcating branches 
are supercritical and this indicates 
that the solutions bifurcating from the 
uniform steady-state are positive and 
bounded and hence the pattern generated 
is stable. 
In the particular example given here 
mRNA(x) and the regulator protein (y) 
are macromolecules and hence immobile. 
But the morphogen (2) which are supposed 
to be micromolecules diffuses under its 
own gradient CD33 > 0) whereas the 
concentration gradient of y is set up in 
the opposite direction to that of z by 
cross-diffusion with negative diffusion 
coefficient CD23 < 0). For some parti- 
cular range of concentration of y 
(threshhold values) some particular sets 
of genes are repressed whereas the 
remaining sets of genes continues to be 
active. Hence cells situated in different 
positions of the concentration gradient 
of z and thus containing different levels 
of concentration of y become gu?litatively 
different. These cells are themselves 
arranged in different distinct classes 
(of tissues) which are disjoint with 
respect to some particular properties 
resulting in the formation of a definite 
pattern on which further differentiation 
and morphogenesis take place. 
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